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Abstract: A multiple world paradox of the Concurrent Dynamic Logic is introduced. It may limit 
the implementation fi eld of the Concurrent Dynamic Logic for the reasoning of the programs. The 
reasoning might be restricted, at least up to the independent atomic programs which do not form 
interfering concurrent compound processes.
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1 Introduction

There are many examples of defining the parallel processes in mathematics (see
e.g.[2]), in theoretical computer science (see e.g.[3]), in theory of formal languages
(see e.g.[4], [8], [9], [11], [12]). The notion of multiple states is successfully incorpo-
rated in different ways in most of the formal systems.

In last decades, logics involved parallel processes in its description as well (see
e.g. [1], [5], [7], [10]). However, the usage of the notion of multiple world in logics
can meet some restrictions. One of it is discussed in the paper.

2 Concurrent Propositional Dynamic Logic

The Concurrent Propositional Dynamic Logic (CPDL)[10] is an extension of the
Propositional Dynamic Logic (PDL)[6]. CPDL was developed for reasoning about
the parallel programs. It uses the familiar syntax of the PDL, augmented with the
concurrency operator ∩.
Definition 2.1 The syntax of Concurrent Dynamic Logic is given by the sets of
programs Π and formulas Φ. The sets are composed by the propositional atomic for-
mulas φi from the set of propositional atomic formulas Φ0, and the atomic programs
πi from the set of atomic programs Π0 according to the following rules of generation:

1. Φ0 ⊆ Φ

2. if ϕ, ψ ∈ Φ, and α ∈ Π, then ϕ ∨ ψ, ¬ϕ, 〈α〉ϕ, [α]ϕ ∈ Φ

3. Π0 ∈ Π

4. if α, β ∈ Π, and ϕ ∈ Φ, then α ∪ β, α ∩ β, α;β, α∗, ϕ? ∈ Π

The interpretation of formulas and programs in CPDL semantics for the model 〈W,
{Rπi

}πi∈Π0
, V〉 is considerably different from their interpretation for PDL. Both for

CPDL and PDL models, a set of possible worlds W is interpreted as a set of all
possible states of the programs. The worlds of the model together with the acces-
sibility relations determine a directed graph. The accessibility relations {Rπi}πi∈Π0

are interpreted as executions of atomic programs, connecting the income and the
outcome worlds. A valuation function V maps each atomic formula onto a subset of
all possible worlds. This mapping is interpreted as an assignment of the truth values
to the atomic formulas, individually for each given world.

In PDL, however, {Rπ}πi∈Π0 are defined on a subset W × W. In this case
(w,w′) ∈ Rπ means that program π can be executed when the conditions of the
possible world w are met and then it will halt in the world w′.

On the other hand, in CPDL, the accessibility relations are defined on W × 2W .
Thus, the relations contain pairs (w,U), where w ∈ W and U ⊆ W. This is done so to
make it possible to express the programs starting in some world w and simultaneously
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reaching all worlds of U after execution. Hence, a formula 〈π〉ϕ in CPDL is being
executed in a world w if and only if there exists a set U ⊆ W such that (w,U) ∈ Rπ

and formula ϕ is true in each world w′ ∈ U . According to that the CPDL model is
defined as follows:

Definition 2.2 A model of Concurrent Propositional Dynamic Logic M is a tuple
〈W, {Rπi}πi∈Π0 ,V〉, where

1. W is a nonempty set of the states of the programs

2. Rπi ⊆ W × 2W is the accessibility relation describing the execution of the
atomic program πi ∈ Π0. The rules below extend the definition of the accessi-
bility relation onto the entire set Π of programs. Let α, β ∈ Π, ϕ ∈ Φ, where
Φ is the set of formulas. Suppose that w ∈ W, and S, T, U ⊆ W then

Rϕ? = {(w, {w}) | w ∈ V(ϕ)}
Rα∪β = Rα ∪Rβ

Rα∩β = {(w, {U}) | ∃S, T ((w, S) ∈ Rα, (w, T ) ∈ Rβ ,

U = S ∪ T )}
Rα;β = {(w, {U}) | ∃S ⊆ W((w, S) ∈ Rα ∧

∀s ∈ S∃Us ⊆ U((s, Us) ∈ Rβ ∧ U =
⋃

s∈S

Us))}

Rα∗ = {(w, {U}) | w ∈ T, μT.(U ⊆ T,Rα = (t, T ) | t ∈ T )}

3. V ⊆ Φ × 2W is the valuation function, for every atomic formula φi ∈ Φ0

assigning one of the truth values 0 or 1, separately for each state w ∈ W.
The rules below extend the definition of the valuation function to the set Φ of
formulas. Let ϕ, ψ ∈ Φ, α ∈ Π.

V(ϕ ∨ ψ) = V(ϕ) ∪ V(ψ)
V(¬ϕ) = W − V(ϕ)

V(〈α〉ϕ) = {w | ∃U((w,U) ∈ Rα ∧ U ⊆ V(ϕ))}
V([α]ϕ) = {w | ∀U((w,U) ∈ Rα ⇒ U ⊆ V(ϕ))}

The other connectives are defined via the given ones, in a usual way for the PDL.

Definition 2.3 The given model of CPDL is sound and complete with regard to the
following system of axioms and inference rules1

Axiom schemes

A1 All tautologies of the propositional calculus

1Proven by D. Peleg (see [10])
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A2 〈α;β〉ϕ ≡ 〈α〉〈β〉ϕ
A3 〈α ∪ β〉ϕ ≡ 〈α〉ϕ ∨ 〈β〉ϕ
A4 〈α ∩ β〉ϕ ≡ 〈α〉ϕ ∧ 〈β〉ϕ
A5 〈α∗〉ϕ ≡ ϕ ∨ 〈α〉〈α∗〉ϕ
A6 〈ψ?〉ϕ ≡ ψ ∧ ϕ

The inference rules are:

ϕ,ϕ ⊃ ψ

ψ

ϕ ⊃ ψ

〈α〉ϕ ⊃ 〈α〉ψ
〈α〉ϕ ⊃ ϕ

〈α∗〉ϕ ⊃ ϕ

3 A Multiple World Paradox

Consider atomic programs π1, π2 ∈ Π0, and atomic formulas φ1, . . . , φ6 ∈ Φ0, and
assume that for the model Mex = 〈{w1, . . . , w5}, {Rπ1

,Rπ2
},V〉 of the CPDL

(w1, {w2}), (w3, {w4}) ∈ Rπ1 ,
(w1, {w3}), (w2, {w4}) ∈ Rπ2 ,
w1, w3 ∈ V(φ1)
w1, w2 ∈ V(φ2)
w2, w4 ∈ V(φ3)
w3, w4 ∈ V(φ4)
w5 ∈ V(φ5),V(φ6)

Particularly, this model corresponds to the cases when a permutation of two inde-
pendent programs is examined. Then both sequential executions π1;π2 and π2;π1 of
the programs will bring the same result. In the given model, Rπ1;π2

and Rπ2;π1
lead

to the same world w4 from the initial world w1, i.e.
(w1, {w4}) ∈ Rπ1;π2 , and (w1, {w4}) ∈ Rπ2;π1 .

Then, based on the definition of the model of CPDL, one may infer that

(w1, {w4}) ∈ Rπ1;π2∩π2;π1 (1)

In spite of the fact that we involve the independent programs, regarding the con-
currency operator we make an interfering construction from them. This allow us to
illustrate a multiple world paradox of the Concurrent Dynamic Logic.

Consider the following interpretation of the involved atomic programs and the
propositional atomic variables.

π1 ::= “Reg1 ++”
π2 ::= “Reg2 ++”
φ1 ::= “Reg1 is 0”
φ2 ::= “Reg2 is 0”
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φ3 ::= “Reg1 is 1”
φ4 ::= “Reg2 is 1”
φ5 ::= “Reg1 is 2”
φ6 ::= “Reg2 is 2”

According to this example we get that
(w1, {w4}) ∈ Rπ1;π2

, and (w1, {w4}) ∈ Rπ2;π1
,

whereas
(w1, {w5}) ∈ Rπ1;π2∩π2;π1

and

(w1, {w4}) �∈ Rπ1;π2∩π2;π1
(2)

that contradicts with the property (1) of the model. In terms of the axiomatics this
means that

Mex, w1 � 〈α;β〉(φ3 ∧ φ4) (3)

Mex, w1 � 〈β;α〉(φ3 ∧ φ4) (4)

Mex, w1 � 〈α;β ∩ β;α〉(φ5 ∧ φ6) (5)

and

Mex, w1 � 〈α;β ∩ β;α〉(¬φ3 ∧ ¬φ4) (6)

that is

Mex, w1 � 〈α;β ∩ β;α〉(¬φ3 ∨ ¬φ4) (7)

and

Mex, w1 � 〈α;β ∩ β;α〉¬(φ3 ∧ φ4) (8)

Thus, bringing together (3), (4), and (8), we obtain that the axiom A4 will not be
valid for the given interpretation.

4 Conclusion

We obtain that interpretations of the Concurrent Dynamic Logic may easily lead to
the multiple world paradox. It is clear that the paradox is connected with interde-
pendency of the programs involved into the parallel execution. If these programs use
common resources, then their concurrent execution may give a result that cannot be
obtained straightforward from the results of their nonconcurrent executions. Thus
the description of the behaviour of the concurrent programs involving the multiple
states may not be plausible in logics.
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However, what is important is that the paradox is obtained even for the indepen-
dent atomic programs, by interfering them in the compound concurrent program in
a special way.

Thus, one may avoid the paradox while using the Concurrent Dynamic Logic by
applying quite a strong restriction. Besides that the programs should be independent,
they cannot permit interfering in scope of the concurrency operator.
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