
Simulations of propositional single-succedent

intuitionistic sequent calculi

We consider the following single-succedent sequent calculi for intuitionistic proposi-
tional logic.

De�nition 1 (ASI). Sequent calculus with additive rules (cf. [1]).
Logical rules.

⊃l:
Γ→ A B,Γ→ Λ

A ⊃ B,Γ→ Λ
;⊃r:

Γ, A→ B

Γ→ A ⊃ B
;

∧l1 :
A,Γ→ Θ

A ∧B,Γ→ Θ
;∧l2 :

B,Γ→ Θ

A ∧B,Γ→ Θ
;∧r :

Γ→ A Γ→ B

Γ→ A ∧B
;

∨l :
A,Γ→ Θ B,Γ→ Θ

A ∨B,Γ→ Θ
;∨r1 :

Γ→ A

Γ→ A ∨B
;∨r2 :

Γ→ B

Γ→ A ∨B
;

¬l :
Γ→ A

¬A,Γ,→
;¬r :

A,Γ→
Γ→ ¬A

.

Cut rule.

cut :
Γ→ D D,Γ→ Λ

Γ→ Λ
.

Weak structural rules.

Wl :
Γ→ Θ

D,Γ→ Θ
;Wr :

Γ→
Γ→ D

;Cl :
D,D,Γ→ Θ

D,Γ→ Θ
;El :

∆, D,C,Γ→ Θ

∆, C,D,Γ→ Θ
.

We de�ne two versions of ASI: with proofs written as sequences of sequents (ASIdag)
and with proofs written as trees of sequents (ASItree).

The second calculus is a slight modi�cation of Gentzen's formulation of LJ presented
in [2].

De�nition 2 (MSI). Sequent calculus with multiplicative rules.
Logical rules.

⊃l:
Γ→ A B,∆→ Λ

A ⊃ B,Γ,∆→ Λ
;⊃r:

Γ, A→ B

Γ→ A ⊃ B
;

∧l1 :
A,Γ→ Θ

A ∧B,Γ→ Θ
;∧l2 :

B,Γ→ Θ

A ∧B,Γ→ Θ
;∧r :

Γ→ A ∆→ B

Γ,∆→ A ∧B
;

∨l :
A,Γ→ Θ B,∆→ Θ

A ∨B,Γ,∆→ Θ
;∨r1 :

Γ→ A

Γ→ A ∨B
;∨r2 :

Γ→ B

Γ→ A ∨B
;

¬l :
Γ→ A

¬A,Γ,→
;¬r :

A,Γ→
Γ→ ¬A

.
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Cut rule.

cut :
Γ→ D D,∆→ Λ

Γ,∆→ Λ
.

Weak structural rules.

Wl :
Γ→ Θ

D,Γ→ Θ
;Wr :

Γ→
Γ→ D

;Cl :
D,D,Γ→ Θ

D,Γ→ Θ
;El :

∆, D,C,Γ→ Θ

∆, C,D,Γ→ Θ
.

Again, as with ASI we de�ne MSIdag and MSItree.

We prove the following propositions.

Theorem 1. Assume, there is a MSIdag-derivation of Γ → ∆ in n steps. Then there is

an ASIdag-derivation of Γ→ ∆ in O(n3) steps.

Theorem 2. Assume, there is a MSIdag-derivation of Γ → ∆ in n steps. Then there is

an ASIdag-derivation of Γ→ ∆ in O(n3) steps.

Theorem 3. Assume, there is a MSItree-derivation of Γ → ∆ in n steps. Then there is

an ASItree-derivation of Γ→ ∆ in O(n3) steps.

Theorem 4. Assume, there is a ASIdag-derivation of Γ → ∆ in n steps. Then there is

an MSIdag-derivation of Γ→ ∆ in O(n3) steps.

Theorem 5. Assume, there is a ASIdag-derivation of Γ → ∆ in n steps. Then there is

an ASItree-derivation of Γ→ ∆ in O(n3) steps.

Theorem 6. Assume, there is a MSIdag-derivation of Γ→ ∆ in n steps. Then there are

such Γ′ ⊆ Γ and ∆′ ⊆ ∆ that there is an MSItree-derivation of Γ′ → ∆′ in O(n3) steps.
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