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Abstract. There are two approaches to merging temporal and epistemic models. The first one
consists in starting with a temporal model and enriching it with epistemic dimension (as tem-
poral epistemic logic), while the second one is supposed to start with an epistemic model intro-
ducing temporal dimension (dynamic epistemic logic, epistemic temporal logic). The proposed
evolutionary epistemic model (EEM) is based on the standard epistemic model with an evolu-
tionary relation. EEM captures knowledge changes in terms of the evolution of worlds included
in different epistemic contexts. Unlike other temporal-epistemic models, EEM is free from the
concept of history and enriched with quantification operators over the worlds’ evolution stages.
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1. The Interaction of Knowledge and Time

In terms of agency, epistemic states and temporality are closely related. Knowledge
changes over time which is revealed in learning and forgetting some pieces of informa-
tion. There are various ways of logical formalization of the interaction of epistemic
states and temporality that are suitable only for a particular class of scenarios. One of
the most important theoretical problems lies in the lack of a universal logical approach
to the full range of possible changes in agents’ knowledge over time.
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2. On Logics for Knowledge and Time

Fusion is the easiest way to join epistemic and temporal modalities (Dixon, Fisher,
Wooldridge 1998; Gabbay et al. 2003). This method generates a bimodal logic with two
independent relations on a set of possible worlds. Fusion of epistemic and temporal
logics generates a model with two independent modalities for knowledge and time
working on the epistemic and temporal relations independent from each other. This
approach allows investigating the huge variety of possible development of knowledge
over time. On the other hand, the fusion of epistemic and temporal logics lacks a close
connection between temporal and epistemic aspects. It fails to explicate the temporal
perspective of knowledge evolution.
Dynamic epistemic logic (DEL) provides a closer connection between tempo-

rality and epistemic states (van Ditmarsch, van der Hoek, Kooi 2007; van Benthem,
van Eijck, Kooi 2006). Lacking the temporal modalities, DEL captures the idea of the
passage of time in the event model. Therefore, time is considered not as something ex-
ternal (as in fusion models) but as something embedded in the ontology and coinciding
with a sequence of events. Product update in DEL machinery generates the dynamics
of knowledge and explains the causes of its changes.
Nevertheless, there is no particular tool for ordering the events in DEL. Conversely,

epistemic temporal logic (ETL) includes a protocol in its system (Parikh, Ramanu-
jam 2003). A protocol provides a systematic description of event sequences. There are
no temporal modalities in ETL (similar to DEL). The conception of time changes is
captured by the operator [𝑒]𝜑 which is read as “after the event 𝑒, 𝜑 will be true”. His-
tories are considered as possible worlds. ETL models reflect both knowledge evolution
and development of the world due to the protocol. On the other hand, ETL lacks
the product update or any alternative mechanism explaining how epistemic states are
generated by such event sequences.
There were several successful attempts to fill these gaps of both ETL and DEL by

merging them. The integration of frameworks of these logics is denoted as merging
DEL and ETL (Hoshi 2010; van Benthem et al. 2009). The main ideas are based
on the introduction of the product update mechanism into ETL model or adding a
protocol into DEL.
Merging DEL and ETL has no temporal operators for quantification over the histo-

ries. Event operators capture only the next stage of the epistemic state development,
which makes it difficult to consider the entire model. Temporal epistemic logic
(TEL) designed for model checking considers knowledge evolution in the notion of
interpreted systems (Fagin et al., 1995; Lomuscio, Penczek 2015). TEL is based on
computation tree logic (CTL) with quantifiers over branching-time paths. It is possible
to enrich merging DEL and ETL framework with such kinds of quantifiers.
We introduce the Evolutionary Epistemic Model (EEM), which considers

changes in agents’ epistemic states as the evolution of the same worlds which occurs
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due to information events. We highlight the key features of EEM:
• EEM describes the evolution of the worlds with unchangeable facts, these worlds
are included in various epistemic contexts;

• EEM does not require the concept of history (in contrast to merging DEL and ETL);
• EEM is enriched with quantification operators over the world’s stages or paths (sim-
ilarly to CTL).

3. Evolutionary Epistemic Model

EEM is an extension of the standard model of epistemic logic with a basic Kripke model
ℳ = (𝑊, {∼𝑖}𝑖∈𝐴, 𝑉 ), where 𝑊 is a set of possible worlds, ∼𝑖 is an epistemic relation
on 𝑊 for every agent 𝑖 in the set of agents 𝐴 and 𝑉 ∶ 𝑉 𝑎𝑟 ↦ 𝒫(𝑊). The language of
the epistemic logic ℒ𝐸𝐿 is defined in the standard way.

Definition 1 (syntax). The language of ℒ𝐸𝐸𝐿 is generated by the following grammar:

𝜑, 𝜓 ∶∶= 𝑝 ∣ ¬𝜑 ∣ (𝜑 ∧ 𝜓) ∣ 𝐾𝑖𝜑 ∣ �𝑋𝜑 ∣ �𝐹𝜑 ∣ �𝐺𝜑,

where 𝑝 ∈ 𝑉 𝑎𝑟, that is, the set of propositional variables, and 𝑖 ∈ 𝐴.
Modal operators �𝑋, �𝐹 , �𝐺 have their analogies in CTL and TEL logic. Part �

is interpreted as “in all possible options for the development of the scenario” and parts
𝑋, 𝐹 , 𝐺 are interpreted as “in the next evolution stage”, “sometime in the future” and
“always in the future”, respectively.
There are dual operators defined in the following way: ♦𝑋𝜑 ≡ ¬�𝑋¬𝜑, ♦𝐹𝜑 ≡

¬�𝐹¬𝜑, ♦𝐺𝜑 ≡ ¬�𝐺¬𝜑. We use 𝐾?
𝑖 𝜑 as a brief notation for 𝐾𝑖𝜑 ∨ 𝐾𝑖¬𝜑.

EEM describes the epistemic evolution of possible worlds. We introduce an evolu-
tionary relation ⇝ that connects different stages of the same world.

Definition 2 (evolutionary epistemic model). EEM is defined as follows:

ℳℰℰ = (𝑊, 𝑅𝑜𝑜𝑡, {∼𝑖}𝑖∈𝐴, ⇝, 𝑉 ),

where (𝑊, {∼𝑖}𝑖∈𝐴, 𝑉 ) is a standard Kripke model for epistemic logic, 𝑅𝑜𝑜𝑡 ⊆ 𝑊 and
𝑅𝑜𝑜𝑡 ≠ ∅. For all 𝑥 ∈ 𝑅𝑜𝑜𝑡, 𝑥 is a root of a tree structure in relation to ⇝. ⇝ is the
relation of the epistemic evolution of the world on 𝑊 . 𝑥 ⇝ 𝑦 is interpreted as “𝑦 is the
next stage of 𝑥 world’s evolution”. This relation has the following properties:
⋅ inverse functionality: ∀𝑥∀𝑦∀𝑧((𝑦 ⇝ 𝑥 ∧ 𝑧 ⇝ 𝑥) → 𝑦 = 𝑧)
⋅ irreflexivity: ∀𝑥¬(𝑥 ⇝ 𝑥)
⋅ asymmetry: ∀𝑥∀𝑦(𝑥 ⇝ 𝑦 → ¬𝑦 ⇝ 𝑥)
⋅ intransitivity: ∀𝑥∀𝑦∀𝑧((𝑥 ⇝ 𝑦 ∧ 𝑦 ⇝ 𝑧) → ¬𝑥 ⇝ 𝑧)
⋅ the constancy of the facts of the world: ∀𝑥∀𝑦((𝑥 ⊨ 𝑝 ∧ 𝑥 ⇝ 𝑦) → 𝑦 ⊨ 𝑝)
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⋅ no random and unrelated worlds: ∀𝑥∃𝑦(𝑥 ∈ {𝑊/𝑅𝑜𝑜𝑡} → 𝑦 ⇝ 𝑥)
⋅ synchrony: ∀𝑥∀𝑦(𝑥 ⇝ 𝑦 → 𝑥 ≁𝑖 𝑦) and ∀𝑥∀𝑦(𝑥 ∼𝑖 𝑦 → ¬𝑥 ⇝ 𝑦)
These properties correspond to the interpretation of the relation ⇝ as “is the next

stage of the evolution of the world”.

Definition 3 (semantics). The truth of a modal formula 𝜑 inℳℰℰ is defined as follows:
ℳℰℰ, 𝑤 ⊨ 𝑝 ⟺ 𝑤 ∈ 𝑉 (𝑝)
ℳℰℰ, 𝑤 ⊨ ¬𝜑 ⟺ ℳℰℰ, 𝑤 ⊭ 𝜑
ℳℰℰ, 𝑤 ⊨ 𝜑 ∧ 𝜓 ⟺ ℳℰℰ, 𝑤 ⊨ 𝜑 и ℳℰℰ, 𝑤 ⊨ 𝜓
ℳℰℰ, 𝑤 ⊨ 𝐾𝑖𝜑 ⟺ ∀𝑤′(𝑤 ∼𝑖 𝑤′ → ℳℰℰ, 𝑤′ ⊨ 𝜑)
ℳℰℰ, 𝑤 ⊨ �𝑋𝜑 ⟺ ∀𝑤′(𝑤 ⇝ 𝑤′ → ℳℰℰ, 𝑤′ ⊨ 𝜑)
ℳℰℰ, 𝑤 ⊨ �𝐹𝜑 ⟺ ∀𝜋 = (𝑤 ⇝ ... ⇝ 𝑤𝑛)∃𝑤′(𝑤′ ∈ 𝜋 ∧ ℳℰℰ, 𝑤′ ⊨ 𝜑)
ℳℰℰ, 𝑤 ⊨ �𝐺𝜑 ⟺ ∀𝜋 = (𝑤 ⇝ ... ⇝ 𝑤𝑛)∀𝑤′(𝑤′ ∈ 𝜋 → ℳℰℰ, 𝑤′ ⊨ 𝜑)

4. Scenario Generated EEM

Consider the procedure of how EEM models are generated by a Kripke model and an
event model.

Definition 4 (event model). ℰ = (𝐸, {𝑄𝑖}𝑖∈𝐴, 𝑝𝑟𝑒), where 𝐸 is a set of events 𝑒,
𝑄𝑖 ⊆ 𝐸 × 𝐸 defined for every 𝑖 in a set of agents 𝐴, 𝑝𝑟𝑒 ∶ 𝐸 ↦ ℒ𝐸𝐿, where ℒ𝐸𝐿 is the
basic propositional modal language with epistemic operator 𝐾𝑖 (Moss 2015).

Definition 5 (product update). ℳ ⊗ ℰ = (𝑊 ′, 𝑅′, 𝑉 ′), where 𝑊 ′ = {(𝑤, 𝑒) ∣ ℳ, 𝑤 ⊨
𝑝𝑟𝑒(𝑒)}, (𝑤, 𝑒)𝑅′

𝑖(𝑤′, 𝑒′) ⟺ 𝑤 ∼𝑖 𝑤′ ∧𝑒𝑄𝑖𝑒′, (𝑤, 𝑒) ∈ 𝑉 ′(𝑝) ⟺ 𝑤 ∈ 𝑉 (𝑝) (Moss 2015).
Let us formulate the concept of Scenario (analogue of the protocol) that generates

EEM models.

Definition 6 (Scenario). E is a set of all event models ℰ. All possible event sequences
are E𝑛, where 𝑛 ∈ ℕ. We need to identify such sequences of events that describe
relevant changes in the world evolution. These relevant sequences are defined in the
Epistemic Scenario. Let S denote such kind of scenario, S ⊆ E𝑛. The world’s
transformation by the event is denoted by the concatenation 𝑤𝑒𝑛 ∶= (𝑤, 𝑒𝑛).
The interaction of the Scenario and a Kripke model generates an evolutionary epis-

temic model (EEM).

Definition 7 (EEM generation). ℳ ⊗ S = (𝑊 ′, 𝑅𝑜𝑜𝑡′, {∼𝑖}′
𝑖∈𝐴, ⇝′, 𝑉 ′), where

{∼𝑖}′
𝑖∈𝐴, 𝑉 ′ are defined in the standard way, 𝑊 ′ = 𝑊 ∪𝑊 ×𝐸∪𝑊 ×𝐸×𝐸∪…∪𝑊 ×𝐸𝑛,

𝑅𝑜𝑜𝑡′ = 𝑊 and 𝑤 ⇝ 𝑤′ ∶= 𝑤′ ∈ 𝑊 × ℰ and ∃ℰ ∶ ∃𝑒 ∈ 𝐸 ∧ 𝑤′ = (𝑤, 𝑒).
Consider a particular example for EEM.
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5. An Example: The Envelope Show

There is a fictional Youtube show The Envelope, which involves two close friends. If
private detectives manage to find out shocking facts about friends’ relationships, they
put a letter in an envelope with a detailed description of these facts. Otherwise, the
envelope is empty. The show is based on the following scenario: first, one participant
is chosen by lot who must leave the studio for a while, and the second participant
has the right to see the contents of the envelope during this time. When the departing
participant returns, no one tells him whether his close friend opened the envelope. Then
the participants of the show draw lots again, which selects the one who will open the
envelope in front of his friend but will not show him the contents of the envelope.
Figure 1 illustrates the EEM model for Ann and Boris participating in the show.
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Figure 1: The Envelope Show

Let 𝑝 ∶∶= “there is a letter in the envelope” and 𝑅𝑜𝑜𝑡 = {𝑤1, 𝑤2}.
The following formulas are true in Root worlds 𝑤1, 𝑤2.

ℳ, 𝑅𝑜𝑜𝑡 ⊨ 𝐾̂𝑏
♦𝑋♦𝑋𝐾𝑎𝑝 (1)

ℳ, 𝑅𝑜𝑜𝑡 ⊨ 𝐾𝑎𝐾𝑏( ⋁
𝑖∈{𝑎,𝑏}

�𝐹𝐾?
𝑖 𝑝) (2)
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ℳ, 𝑅𝑜𝑜𝑡 ⊨ ⋀
𝑖∈{𝑎,𝑏}

¬𝐾?
𝑖 𝑝 ∧ (♦𝑋𝐾?

𝑎𝑝 ∧ ♦𝑋𝐾?
𝑏 𝑝) (3)

Knowledge evolution in this example is described by an identical pattern. The agents
do not know if the envelope is empty at the beginning of the show but at least one of
them inevitably knows the content of the envelope at the second stage of the show.

6. Further Developments

The main goals for the future are to provide the complete axiomatization of EEM
and investigate the problem of embedding EEM into related logics, such as temporal
epistemic logic, dynamic epistemic temporal logic (Renne, Sack, Yap 2016), and others.
One of the key challenges in the development of our approach is the introduction

of public announcement machinery in EEM structures.
The defined concept of the scenario may require further clarification. The intro-

duced one does not include checking updates for compatibility, therefore the scenario
can include a contradiction.
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